We study scalar conformal field theories whose large N spectrum is fixed by the operator dimensions of either Ising model or Lee-Yang edge singularity. Using numerical bootstrap to study CFTs with S N ⊗ Z 2 symmetry, we find a series of kinks whose locations approach (∆ Ising σ , ∆ Ising ) at N → ∞. Setting N = 4, we study the cubic anisotropic fixed point with three spin components. As byproducts of our numerical bootstrap work, we discover another series of kinks whose identification with previous known CFTs remains a mystery. We also show that "minimal models" of W 3 algebra saturate the numerical bootstrap bounds of CFTs with S 3 symmetry.
Introduction
Scalar field theories are useful in studying phase transition and critical phenomenon. A large number of these models has been applied to different condense matter systems to extract the critical exponents [1, 2] . The simplest example among them, the φ 4 theory could be used to study phase transition concerning Z 2 symmetry breaking, which includes the Ising model [3] .
The critical exponents calculated in field theories are usual based on certain perturbation method, such as -expansion [3] or large N expansion (see [9] and references therein). As a non perturbative method, conformal bootstrap program [4, 5] has been proven to be useful in studying two dimensional conformal field theories. It has played an important rule in the classification of two dimensional "minimal models" [6] . In higher dimensions, a significant progress was made in the seminal work of [7] . There has been a revival of this program after that. An incomplete list of work on conformal bootstrap and related topics is [8] .
Numerical bootstrap is applicable even in regions where neither -expansion or large N works very well. For three dimensional Ising model, it has provided the most precise the critical exponents so far [10, 11, 12] . For the perturbative regions, the bootstrap result was also shown to agree with the field theory result. For example, the numerical bootstrap for the scaling dimension of operators in critical O(N ) vector model [13, 14] agrees perfectly with the large N calculation based on the scalar theories [9] . The Borel-resummation of expansion series for scaling dimension of operators in critical Ising model also agrees with the bootstrap result [15] .
We will study scalar field theories admitting conformal fixed points whose large N behaviour is controlled by another CFT with central charge of order one. The specific models that we would study are closely related to the continuum limit of the Potts model [16] . We would like to first consider a scalar theory with quartic interaction in 4 − dimensions. The model was referred as "restricted Potts model", and was used as an intermediate steep to study the continuum limit of the Potts model [17] . This model was recently revisited in [18] . Its Lagrangian is given by
The scalars φ i transform in the n = N − 1 dimensional representation of the symmetric group S N . The totally symmetric tensor d ijk is invariant under the action of S N . The name "restricted Potts model" is due to the fact that besides S N , it also preserves an extra Z 2 symmetry under which all the scalars change signs. Its symmetry group is therefore slighter bigger than the S N symmetry of the original Potts model. Suppose one turns on the a trilinear interaction 1 3! d ijk φ i φ j φ k , the Z 2 symmetry is broken and one get the model which describe the continuum limit of the Potts model. The second model that we will consider is a φ 3 theory in 6 − 2 dimensions, given by
It could also be used to study the Potts model. As at close to six dimensions, quartic interaction of scalars are irrelevant, and the φ 4 terms in (1.1) could be neglected. Nstate Potts model is known to undergo first order phase transitions for large enough N . In accord with this fact, this φ 3 theory is known to have a non-unitary fixed point at imaginary couple g. The model (1.1) is known to have two extra fixed points other than the free theory points and a O(N ) invariant point where symmetry got enhanced [17] . In section 2, we look at their operator spectrum to set up the background for later numerical bootstrap study. Taking the large N limit of the -expansion series for anomalous dimensions and compare with the corresponding series in the Ising model, it can be seen that the scaling dimensions of all the operators that we have studied approach a limit fixed by the scaling dimension of operators in the critical Ising model. The non-unitary fixed point of (1.1), on the other hand, has a large N limit whose operators spectrum is fixed by the Lee-Yang edge singularity.
We then employ numerical bootstrap method to study CFTs with S N ⊗ Z 2 global symmetry. We observe that in three dimensions, there indeed exist a series of kinks, whose location at large N approach a point given by the scaling dimension of of the spin operator σ and the thermal operator in critical Ising model. This confirms the predicted large N behaviour from -expansion. Setting N = 4, we were able to observe the famous cubic anisotropic fixed point [19, 20, 21, 22] with three component spins. Interestingly, the scaling dimension of ∆ φ agree with with its corresponding value in O(3) invariant Heinsberg model, consisting with the prediction in [23] . As a byproduct of our numerical bootstrap study, we also discover a series of new kinks. We were however not able to identify them with any CFTs with Lagrangian descriptions. By doing numerical bootstrap with S 3 symmetry in two dimensions, we have also shown that the "minimal models" of W 3 algebra saturates the numerical bootstrap bound. These results are presented in section 3.
2 Renormalization of scalar theories 2.1 "Restricted Potts Model" → Ising Model
For the restricted Potts model (1.1), the invariant tensor d ijk could be constructed explicitly according to [17] , it is possible to define a set of "vielbeins" e α i with α = 1 . . . N and i = 1 . . . N − 1 through a recursion relation. These vielbeins tell us how a hypertetrahedron with N vertices could be embedded in N − 1 dimensional space. From group theory point of view, the N -dimensional representation is reducible, N = 1 ⊕ n. Take N = 3 as an example, the three vielbeins
form a equilateral triangle, the symmetric group S 3 consists of all O(2) rotation that keeps this triangle invariant. Using e α i , the totally symmetry tensor could be defined as
2)
The details of the two loop calculation of (1.1) is summarised in Appendix A, which is based on the general formula in [24] . It is in principle easy to extend the result to three loop using the result of [18] . We will however only focus on the two loop results. The beta function of this model have in total four fixed points free theory : 3) Since S N ⊗Z 2 is a subgroup of O(n), with n = N −1. The O(n) invariant fixed point is also present. We will focus on the two extra new fixed points P 1 and P 2 . The scaling dimensions of the operators we have studied are given in Table 1 and Table 2 . The quadratic operators falls into various irreps of the symmetry group S N (they are clearly Z 2 odd), as
The irreducible representation n appears as a result of the existence of invariant tensor d ijk . It is interesting to observed that for both of the fixed points, the scaling dimensions of low lying operators at the large N limit could be expressed in terms of the Ising model spectrum.
Operator Table 1 : Scaling dimensions of low lying operators at the fixed point P 1 .
Operator Table 2 : Scaling dimensions of low lying operators at the fixed point P 2 .
The spectrum of (de)coupled CFTs
We should mention that the large N behaviour could already be partially inferred from combining the result of [18] and much earlier work of [25, 26] on cubic anisotropic systems. We will explain this point in the present section, and try to better understand the large N limit. In [18] , another φ 4 theory was studied, the model was obtained by replacing the d ijm d klm in (1.1) with
The model has a long history of being studied [19, 20, 21, 22, 27, 28, 29] , and certain critical exponents are known up to six loops [30] . This model preserves a symmetry group which is the generalized symmetric group S(2, N ) = S N ⊗ Z N 2 . Like (1.1), it has also four fixed points free theory :
cubic anisotropic point :
N copies of decoupled Ising models :
It was shown in [18] that certain numbers that appear in the renormalization calculation of both models have the same large N limit (see Section 5.1.2), and therefore the two models approach the same limt at N → ∞. The fixed point P 2 approaches N copies of decoupled Ising models, it is therefore not surprising that it spectrum are given by the scaling dimensions of operators in the Ising model.
It is straightforward to work out the spectrum of the decoupled CFTs. Suppose a certain CFT preserves symmetry group G, then N decoupled copy of this CFT preserves the symmetry group G S N = S N ⊗ G N . The symbol " " stands for wreath product, which can be viewed as a short hand notation of the symmetry group. The group G N acts independently on each copy of the CFTs, while S N interchange them. We will consider only operators which are invariant under the full group G S N . Suppose the component CFT has the following conformal primaries operators which are invariant under the action of G,
The decoupled model then has the following operators which are also invariant under S N permutations, 8) where space-times indices are supressed for simplicity. The indices i denote which copy of the CFTs does O i belong to. Picking two operators from same CFT copy, take O 1 and O 2 as an example, one could easily make S N invariant operators of the following form
The coefficient in front of the operators is due to normalization. For operators with spin, the space time indices need to be arrange properly for them to have definite spin. The condition i = j makes sure that the composite operator is made of two operators from different copies of CFTs, so that it would not be renormalised. The summation over i = j pairs makes it S N invariant. If O 1 and O 2 are scalars, we could also construct the following operators
We have borrowed the notation [O 1 O 2 ] n,l for double trace operator in AdS/CFT context [31, 32, 33, 34] . The scaling dimensions of these operators are simply ∆ = ∆ 1 + ∆ 2 + n + l. The derivatives acting on the operators are arranged so as to ensure that they are conformal primaries. The procedure of choosing an appropriate derivatives structure is exactly the same as constructing conformal primaries for "generalized free fields", as studied in [33] . One could also follow it to constructed "double trace" conformal primaries operators with higher spin and twist. Even though we are not aware of it appearing anywhere in the literature, a similar procedure should exist for constructing double trace operators made of operators with non-zero spins. It is also interesting to look at the 4-pt function consist of identical scalar operators,
The condition i = j = k = l in the second line makes sure that O i and O j come form the same copy of CFT, while O k and O l comes from a different copy. Its contribution to the four point function therefore reduce to to two point functions. The leading term in 1 N expansion clearly factorises into disconnected two point functions, which are the four point function of "generalized free fields". It is equivalent to the dual boundary four point function of a free massive scalar with AdS mass [31, 33] .
The sub-leading behaviour receives contribution from both a disconnected piece and a connected piece which are given by the four point function of the component the CFT, as denoted by OOOO . Specialising to the Ising model, the first three operators with spin-0 and lowest scaling dimensions are
They have the same scaling dimension as the S-channel operators 1 at fixed point P 2 . See table 2. At the cubic anisotropic fixed point of (2.5), the coupling constants become [20] ,
The action of the model becomes N copies of Ising model actions plus certain O( 1 N ) corrections. It can be shown that this is also true for the fixed point P 1 of model (1.1). We will sometime refer these large N CFTs as coupled Ising models for obvious reasons. At large N , the renormalization is clearly dominated by the Ising model coupling, which explains why the scaling dimensions of Ising model operators appear in the spectrum. These fixed points fit into the class of models studied by Victor Emery in [26] . Their critical exponents are related to Ising critical exponents by [26, 20, 35] 
Translated into operator dimensions, this means self average as in the critical O(N ) vector model [9] . Its four point function are expected to factorise at large-N limit as in (2.11) . The spectrum of S-channel operators should be exactly the same as the decoupled Ising point, and also fall into the categories of "single trace operators", "double trace operators" and so on. The only modification that one need to make is the replacement
This is again supported by the calculation in Table 1 , where an operator with D − ∆ Ising is found to be accompanied by a "double trace" operator with the scaling dimension 2 × (D − ∆ Ising ).
Potts Model → Lee-Yang Singularity
Before closing this section, we briefly mention the large N behaviour of the scalar model (1.2), the continuum limit of N -state Potts models. The theory has a non-unitary fixed point at generic N . It was pointed out in [36] that the N = 1 limit of N -state Potts models gives the percolation model. Therefore people have been using (1.2) to calculate the critical exponents of the percolation problem [37, 38] . The three loop renormalization for operator dimensions is summarised in Table 3 . (See Appendix A.2 for more details.) By taking the N → ∞ limit, it is clear that the scaling dimensions of operators is fixed by the spectrum of Lee-Yang edge singularity CFT. It can also be shown that the coupling constant at large N is given by
By the same argument as in previous section, operators that are invariant under S N should fall into the categories of "single trace operators", "double trace operators" and so on. The single trace spectrum is given by the spectrum of Lee-Yang edge singularity, with the replacement ∆
The operator next to the ones listed in Table 3 should have scaling dimension 2
3 Numerical bootstrap for CFTs with S N symmetry 3.1 The fixed point P 1 from numerical bootstrap
In this section, we will show that the fixed point P 1 studied in previous section could be observed in numerical bootstrap. Conformal bootstrap is based on the crossing symmetry and unitarity. Crossing symmetry means that the following two ways of computing its four point functions should lead to equivalent result
The lines connecting the operators denote how operator product expansion (OPE) is performed. This is true for any conformal field theories. Unitarity on the other hand requires all the OPE coefficients λ O 1 O 2 O 3 to be real. By assuming certain conditions on the spectrum of operators that appears in the OPE 2) and test the positivity of λ 2 φφO , one could then check whether such an assumption is consistent with unitarity and crossing symmetry. We will leave the details of how this method was implemented in Appendix B. The conditions that we have assumed for the spectrum are:
• the external operator φ i has scaling dimension ∆ φ ,
• the first spin-0 operator in the n-channel has scaling dimension greater than or equal to ∆ n ,
• all the other operators that appear in φ i × φ j has scaling dimensions greater than or equal to the unitarity bound.
We have scanned a certain region of the (∆ φ , ∆ n ) plane and the result is presented in Figure 1 . The result is obtained by setting Λ = 19, with the range of spin chosen to be l ∈ {1, . . . 25} ∪ {49, 50}. The region above the curves are excluded, which means there is no unitary CFTs with the assumed spectrum. For large enough N , a clear kink could be observed in the numerical bootstrap curve. The appearance of kinks in numerical bootstrap is a strong indication of the existence of a conformal field theory. More interestingly, as N increase, the location of the kink approaches the point (∆ Ising σ , ∆ Ising ), as denoted by the black cross in Figure 1 . This confirms the prediction from from previous section. From Table 1 and 2, it is clear that (∆ φ , ∆ n ) should approach (∆ Ising σ , ∆ Ising ) for both fixed points P 1 and P 2 . We therefore need to determine which one of them corresponds to the kink in Figure 1 . This could be achieved by introducing one extra condition in the assumed spectrum
• The first spin-0 operator in the S-channel has scaling dimension greater than or equal to ∆ n + 0.1.
At large enough N , this assumption would clearly exclude point P 2 , while preserves P 1 , remember D − ∆ Ising ≈ 1.5874, while ∆ Ising ≈ 1.4126. We have checked that the S 100 curve does not change after introducing this condition, therefore proves that the kink corresponds to fixed point P 1 . The N = 4 case deserves some special attention, the symmetry group S 4 ⊗ Z 2 is isomorphic to S 3 Z 2 = S 3 ⊗ Z 3 2 [17] . The two group clearly has the same order as 4! × 2 = 3! × 2 3 = 48. This means that the "restricted Potts model" (1.1) with N = 4 is equivalent to the cubic anisotropic model (2.5) at N = 3. From Figure 1 itself, it is not clear whether there is a CFT saturating the bootstrap bound or not, since there is no clear kink on the N = 4 curve. One could study this case more carefully by changing the assumptions of the spectrum into • The external operator φ i has scaling dimension ∆ φ ,
• the first spin-0 operator in the n-channel has scaling dimension greater than or equal to ∆ n = ∆ Max n − 0.002,
• the second spin-2 operator in the S-channel has scaling dimension greater than or equal to ∆ S,l=2 (note the first spin-2 operator needs to be the energy momentum tensor),
• all other operators that appear in φ i × φ j OPE have scaling dimensions greater than or equal to the unitarity bound.
Notice ∆ n is chosen to be sightly below the maximal allow bound from Figure 1 . This method was introduced in [10] to study the scaling dimension of operator in critical Ising model (see Figure 6 ). We could similarly carve out the allowed region of (∆ φ , ∆ S,l=2 ). This is presented in Figure 2 . The dashed lines are the scaling dimension of φ i in O(3) invariant Heisenberg model from Monte Carlo simulation [39] . The reason that we could compare the scaling dimension of operators in cubic anisotropic model with operators in O(3) invariant Heisenberg model is that an analysis of the six loop calculation of both models shows that there are surprising cancellations in the different between their critical exponents [23] ,
∆ φ for cubic anisotropic critical point should be equal to its value for O(3) invariant Heisenberg model to high precision. One could clearly observe a sharp drop of the curve Figure 2 : Numerical Bootstrap bound on the scaling dimension of the second S-channel spin-2 operator in CFTs with S 4 ⊗Z 2 symmetry. The gap for n-channel scalars has been set to be slightly lower than the maximally allowed value in Figure 1 . The curve is obtained at Λ = 19. The dashed lines are the estimation of three dimensional O(3) Heisenberg model using Monte Carlo method [39] .
at the location of the dashed lines. This curve resembles the bounds for ∆ obtained in [10] for Ising model. We therefore conclude that the cubic fixed point is located at around ∆ φ ≈ 0.5187 and saturate the numerical bootstrap bound in Figure 1 . A long standing question concerning cubic fixed point and the Heinsberg fixed point is the relative height between the two of them along renormalization group flow. This is important experimentally, since the IR CFT is the one that governs the phase transitions. Because of the cancelation mentioned already, it is very hard to distinguish the two CFTs by measuring either η or ν. However, the critical exponent corresponding to ∆ n , if could be measured, is probably a good candidate. Notice in our case ∆ n ≈ 1.292, while at the Heinsberg point, ∆ T ≤ 1.22 is required by numerical bootstrap [14] .
Other bootstrap results: unidentified kinks
The study in previous section was focused on the region where ∆ φ is close to the unitarity bound, it is straight forward to extent the result to the region with much higher ∆ φ . This is presented in Figure 3 . Surprisingly, for large enough N , we could again observe some kinks Figure 3 : Numerical bootstrap bound on the scaling dimension of the first n-channel scalar operators in CFTs with S N ⊗ Z 2 symmetry (large ∆ φ region). Yellow, red, green and blue curves are for N = 4, 6, 10, 100 respectively. The curves are obtained at Λ = 23.
in the numerical bootstrap curve. Unlike those CFTs in previous section, we are not able to find some Lagrangian description for them. Instead, we will show that these kinks pass some consistency checks for them to actually be CFTs. For any full-fledge conformal field theories, it necessarily contains energy momentum tensor in its spectrum. There should be a spin-2 operator saturating the unitarity bound. If the kinks we observed correspond to actual CFTs, they should not survive when a gap is introduced for the spin-2 operators in S-channel. This fact is tested by considering adding the following condition in the assumed spectrum
• the first spin-2 operator in the S-channel has scaling dimension greater than or equal to 3.05, Taking the N = 10 curve as an examples, the allowed region for (∆ φ , ∆ n ) is presented in Figure 4 . The solid line corresponds to the result without the above condition, while for the dashed line, above condition is included. Clearly, when the gap for spin-2 operator is imposed, the curve moves downward, showing that energy momentum tensor is present in the spectrum. Figure 4 : Numerical bootstrap bound on the scaling dimension of the first n-channel scalar operators in CFTs with S 10 ⊗ Z 2 symmetry. The solid line corresponds to bounds without spin-2 gap, while the dashed shows the result when a small gap for spin-2 operator in the S-channel is introduced.
Other bootstrap results: "minimal models" of W 3 algebra
The crossing equations we derived in Appendix B apply to CFTs with S N ⊗ Z 2 symmetry. It could also be easily generalized to study CFTs with S N symmetry, this is simply achieved by change the assumed spectrum to be
• The external operator φ i has scaling dimension ∆ φ ,
• the first spin-0 operator in the n-channel has scaling dimension ∆ φ , while the second spin-0 operator in the n-channel has scaling dimension greater than or equal to ∆ n ,
• all other operators that appear in φ i × φ j has scaling dimensions greater than or equal to the unitarity bound.
Notice since d ijm is an invariant tensor of S N group (which is not invariant under S N ⊗Z 2 ), scalar operator φ i would appear in its own OPE,
We have studies the allowed region of (∆ φ , ∆ n ) for CFTs with S 3 symmetry in two space-time dimensions. This result is presented in Figure 5 . We found that "minimal models" of W 3 algebra, as classified in [40] , saturate the unitarity bound. W 3 algebra is an extension of the Virasoro algebra introduced by Zamolodchikov in [41] . It contains the Virasoro algebra as a subalgebra. Besides the usual spin-2 operators L n , W 3 algebra contains spin-3 operators W n which satisfies non-trivial commutation relations with L n and among themselves. Like for the Virasoro algebra, "minimal models" here means the fusion rules of the models consist of finite number of irreducible representations of W 3 . It was shown in [40] that all these models have a global Z 3 symmetry, taking into account the complex conjugation of complex scalars one get the symmetric group S 3 . The central charges of these models and the scaling dimensions of their W 3 irreducible representations Figure 5 : Numerical bootstrap bound on the scaling dimension of the second n-channel scalar operators in CFTs with S 3 symmetry. The crosses correspond to minimal models with W 3 algebra. The first cross to the left is 3-state Potts model. are given by,
where m, n, m , n and p are positive integers whose range are n + n ≤ p − 1, m + m ≤ p and p ≥ 4. The horizontal and vertical axis in Figure 5 corresponds to operators with
6) respectively. They satisfy
which saturates the numerical bootstrap bound. It was discovered in [42] that minimal models of the Virasoro algebra also saturate the numerical bootstrap bound for CFTs with Z 2 symmetry. It is interesting to observe that W 3 algebra also share the same feature. It would be interesting to extend this result to other W-algebras.
Discussion
We have shown that there exist two series of conformal fixed points approach (de)coupled Ising model and Lee-Yang edge singularity respectively at the large N limit. It would be interesting to understand whether it is possible to replace the large N limit by other CFTs such as XY-model, Heinsberg model and etc. A naive guess is the following. The CFTs that approach Lee-Yang edge singularity has the symmetry group S N ⊗ 1, while the CFTs that approach Ising model has S N ⊗ Z 2 . It is therefore natural to consider scalar models with symmetry group S N ⊗ G, as a candidate for large N CFTs that approach a CFT with symmetry group G. We leave this for future investigation. In section 3.1, we have shown that one could observe the fixed point P 1 in the numerical bootstrap curve, it would be interesting study its spectrum more carefully. The best way to do this is probably by first studying the possibility of isolating this fixed point using mixed correlator bootstrap, along the line of research in [43, 14, 44, 12] . For the N = 4 special case, a further comparison with experiment or Monte Carlo study would also be interesting. It is also desirable to try to extract the O(1/N ) corrections to the operator dimensions and compare them with our numerical bootstrap result. Since the O(1/N ) effect receives contribution from all order in -expansion, a proper resumption is necessary. What's more, it would be more interesting to investigate the possibility of performing a proper large-N calculation like in O(N ) vector model (see [9] for a review).
Before we close, let's think about the large N (de)coupled CFTs in the context of AdS/CFT correspondence. As explained in section 2.2, the large N spectrum of (de)coupled CFTs naturally fall into the categories of "single trace operators", "double trace operators" and so on. The replacement (2.17) , as famously pointed out by Witten [45] , corresponds to the change of boundary conditions for the dual AdS scalar, and does not change the dual AdS mass as [31, 32, 34, 46, 47, 48] . As conjecture in [31] , besides large N factorization, any CFT with Einstein like local bulk dual description must also have a large gap for all single trace operators with spin higher than 2. This is clearly not the case for the large N limit of decoupled CFTs. As shown in Section 2.2, the operators that could be interoperated as "single trace" operators are simply the S-channel operators of the component CFT, which clearly contains operators with arbitrary spin. If the dual theory indeed exist, it should be more similar to Vasiliev's higher spin theory [49, 50] . However, since the CFT operators does not saturate the unitarity bound, higher spin symmetry is clearly broken in this case.
A Renormalization of scalar field theory theory A.1 3-Loop Renormalization of generic φ 4 theory in 4 − Dimensions Suppose a group preserves a totally symmetric invariant tensor d ijk , one can define the following constants {T 2 , T 3 , T 5 , T 71 , T 72 } as [38] 
Using the general formula summarised in [24] , we could calculate the scaling dimensions of operators in 4 − up to two loop order. For a scalar field theory given by the Lagrangian (1.1), we get the beta function
with the coefficient given by Table 4 . Table 4 : Coefficients that appears in β function
The anomalous dimensions are given by
Since the symmetric group S N also preserves a totally symmetric invariant tensor d ijk , they fall into the type of models that could be calculated using the above formulas. Using the explicit construction of d ijk in [17] , it is easy to calculated the constants that appear in (A.1), they are
T 71 = (n + 1) 6 (n + 1) 3 − 9(n + 1) 2 + 29(n + 1) − 32 n 9 ,
Plugging them into (A.2), solving β 1 = β 2 = 0, we find the four fixed points in (2.3) . The free fixed is not renormalised. For other points, we could use (A.3) to get the spectrum. For φ, we have .5) For quadratic operator in the S-channel, we have .6) For quadratic operator in the n-channel, we have
For quadratic operator in the T'-channel, we have
The scaling dimension of quartic operator could be calculated using the eigenvalue of the matrix
, for P 1 , the final result turns out to be .9) while for the point P 2
= 4 − 4 n 2 − 6n + 11 3 (n 2 − 5n + 8)
243(n − 5)(n + 1) (n 2 − 6n + 11) (n 2 − 5n + 8) .11) This result is taken from, for example, [2] .
A.2 3-Loop Renormalization of generic φ 3 theory in 6 − 2 Dimensions
Three loop renormalization of generic φ 3 theory in D = 6 − 2 was studied by [51, 37] . Four loop result was obtained more recently in [38, 52] , where they have also studied the renormalization of the Potts model and the Lee-Yang edge Singularity. The authors did not present the result for N -state Potts model with generic N , but rather focus on the N → 1 limit to study percolation problem. For the reader's convenience, we will record the generic N result here. Plug (A.4) into the formulas in [38] , one could easily get .12) We also record here the renormalization for Lee-Yang edge singularity for comparison, setting It is not necessary to present the dimension of ∆ φ 2 , since it is the conformal descendent of φ. As a result of equation of motion φ ∼ φ 2 , its dimension is fixed to be ∆ φ 2 = ∆ φ + 2.
B Bootstrap with S N symmetry
Using the "villeins" e α i , beside d ijk defined in (2.2), one could also define the following invariant tensor carrying four indices
They satisfy
3)
The production of two n-dimensional representation can be decomposed as,
Compare with the production rule for rotational group O(n), n ⊗ n → S ⊕ A ⊕ T, the T representation of O(n) group is further decomposed into n⊕ T , due to the existence of d ijk . One could also defines the following linear independent invariant tensors
Suppose v i 1 and v i 2 are two vectors carrying indices in n-dimensional representation of S N , the tensors P
transforms in irreducible representation "I" of S N group. It could be checked that these projectors satisfies the following relations
where dim I stands for the dimension of representation I. A four point function in CFTs with S N global symmetry can be written as
where
Here I ± denotes operators with even(odd) spin and transforms in irreducible representation "I" of S N . See [53] for the reason behind the spin choice.
is the conformal block which encodes all the kinematics of conformal field theories, which is universal for any CFTs. The dynamical information which are specific to each CFT, on the other hand, are widely believed to be encoded in the OPE coefficients and the spectrum. An analytical expression for conformal block in even dimension was calculated in [54, 55] . Operator product expansion are convergent for conformal field theories, and four point functions should not depend on how OPE is preformed, so
From this equality we get the following crossing equations 
(B.11)
Here F and H are short for F ∆,l and H ∆,l , defined by
The logic for numerical bootstrap is to look for a linear functional α such that α( V This realise the conditions imposed on the operator spectrum in section 3.1 to study conformal field theories with S N ⊗ Z 2 symmetry. If such a functional could be found, then there is no way for (B.16) to be satisfied with all the λ 2 O 's being positive. Therefore we conclude that a unitary CFT with S N ⊗ Z 2 symmetry and ∆ φ must have at least one scalar operators whose dimension is less than ∆ n . For readers interested in the implement of numerical bootstrap, we refer them to [56] and reference therein. The numerical computations in this work are performed using the SDPB package [56] . For the approximation of the conformal blocks, we partially used the code from JuliBoot [57] .
Before proceeding, let's recall the dimensions of each representations to be,
(B.14)
For n = 2, hence S 3 group, dim T = 0, one can check that P (T ) ijkl = 0, and .17) These are exactly the same crossing equations that were used for bootstraping O(2) invariant CFTs in [13] . However, when studying conformal field theories with S 3 symmetry, since d ijm is an invariant tensor of S 3 group (which is not invariant under SO(2) group), scalars φ i would appear in its own OPE, φ i × φ j ∼ d ijk φ k . We need to search for a linear functional α satisfying (B.13) plus one extra condition (B.18) This is the numerical bootstrap program used in section 3.3.
